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The Alternating Current Ccirenit 
with 


Pulsating Characteristics. 


WG In all treatises on the subject of alter- 
nating mirrents it is assumed that the eireuit res- 
istance and inductance are constants. As a result 
verv simple formlze are obtained for the current in 
the circuit when the applied electromotive force and 
2irmrit constants are given, and in the majority of 
eases the results obtained are perfectly satisfactory. 
™yven when the current wave is known to be distorted 
it is usuallv possible to replace the actual wave of 
mrrent by an "equivalent" wave on the basis of porwr 
-onsumption in the circuit, the power factor being 
then defined in terms of the phase displacement of 


the equivalent waves of e.m.f. and current. 


There ares, however, some cases in which 
this assumption is not justified, for example in 
circuits contsining iron worked over a wide range of 
flux density, and in electrolytic cells, electric ares, 
and mechinerv in which the magnetic reluctance pul- 
sates during the revolution of the armature or other 


rotating parts. In the first ease the nermeabilitv 
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depends upon the current, as does also the effective 
eonductanas, rapresentine power consumption by hys- 
teresis, et?.; in the second the circuit resistance 
is not 4 constant, bit varies periodically during 
each cycle. In each case the inductance or resis-— 
tance may be considered, to a firs* approximation, 
a3s mate un of a constant nart and Of a part which 
varies periodiesliv with double the frequenev of the 
Aundamental of surrent. The amplitude of the pul- 
sation will depend unon the phvsiral qualities of the 
medium supporting the current, and also upon the up- 
per and lower linits of the current. It is to be 
determined bv experiment. The general problem to 
b2 solved is thus: 

Civen an alternating current circuit in 
which the eirtnit characteristics are representabls 
as double-freaq env pulsations of resistance and re- 
actanze, and upon which there is impressed a period— 
in e.m.f. of arbitrary wave-form: it is required to 
find the instantaneous value of current after the 
steadv state has been reached. 

It will be assumed that the impressed ¢.m.f. 


wav? i383 a symmetriaal one; that is, that there are 


ep 


= 


~ 


Lie fees 


e Sravah 


ton 


fh Ve ee 
me Ta 


cpa fe 


Hitt eRe 


r pr 


(3) 


present no harmonics of even order. It is also ass 
sumed, as always in the study of the »vower applicat-— 
ions of alternating currents, that the frequency is 

not too high and that the conductors tonsidered are 

comparatively food ones, i.e., metallic, so that the 
potential energy of the electric field is to be ner- 
lected in remparison wkth magnetic enerey due to the 


surrents in the conductors. 


Re In the given circuit let the inductance be: 
L = heof 1+ 2h cos 2pt $ 
tne resistance: 
R = Rof 1+ 2k cos (2pt - € )} 
= Rof 14 2k €"e0s8 2pt + 2% € sin 2pt } 
where é’= 3iné . é7= 2082 . and p/2mw is 


the frequenev of the fundamental of e.m.f. or current. 


The impressed slectromotive forte: 
= ht 65S pt Ru a Pb 
> { Ey sin npt + EY ros npt } 


where n has all odd integral values by the first 

assumption. Due to this e.m.f. there will flow 

in the eirevit a pericdic current determined by the 
aquation: 
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and the solution of the problem consists in the 
solution of this equation, giving i as a function 


of the time. 
Be The equation is linear in (Ui) and the 
solution for the steady state is 
~ fat SRe 


| dail “/E~ oak 


The actual verformance of this interration is 
not practicabie: an avyroximate solution will there-— 
fore be sougnt in which the degree of approximation 
is thet warrants? bv the assumed forms of R and L. 


Fxpansicn of R/L gives 
Bef soak ~ Cao lzateg)+ | 
where = YL - Li ts 
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involve nowers of vn in the ‘enominators, and may 
therefore ha neglected in comnarisen with the others. 
We thus put: 

R= LLBAA 
which is therefore a constant not differine preativ 
from unity. RE is the peneralized time-constant of 
the circuit in the steady state, and differs from the 
time-constant as usually defined by the correction 
factor Z ° 


The solution of the equation is now: 


—~Ror a Foe F 
Lix=éE<@ pla © B+ 


whieh fives 


Fit 
= “6, of die nye — 1p ha Gonpi] 
Er : 
ae (Fr tonet roku = 
ae 
i , ae (fbi yet G Cov x 27 
n which: A 
5 ie ae 207fdn. 
If 
Wes Wee. + or like 6; 


9 


* 


a 


bao, ge Sa" Vey 
i : sal Lt dae ae 
‘ Sa 
1 Wale 
i 1 
lh oka me ee) 
2 sta? 
! athe 
; { 
dy min it ar 
ri eine 
a ma” fh 
* 
Va 
% oa 
; A i ee 
i . a s . 
t \ 
i 
‘ an ‘ 
+ ~ . 7 ' 
é 
oe 
‘ 
i 


* rl ree =) ne COVE 
ree (rye eee ij ne ‘ete =~ * 
o pontey, ¢ 1 ans 

— 


7 7 an” 
7 Jf \- fiie 24 
. 
ary SF * A ioe Seo 


ae 
‘ee 
Suv te =r 
- <e - 
a 
— > a 
= ‘ 
i 
wy 
7 i 
; f 
A + ence 
4 
dl 
ce idab) yt 
* 5 
Ait 
co. 


(6) 


Henre it follows fot the current: 
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4, In order to reduce this to neariodic form 


the outside factor may be exnanded, fivine 
ul —— 2 A 20s a2ynt 32 e . e 


and the summation mist be multiplied hv this series. 
Now in annendix (I) it is shown that the amplitude 

of any harmonic of current of order m_ invelves 

e.m.f. harmonits of orders m, m+ 2 and no others; 
henre tne above expansion need not be carried hevond 
the second term. The current is therefore, to a first 


anvroximation: 


o 4 es i Ps _ Vi / 77 > 
f= (4-4 Cor Gal ; well, ¢ 
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: 7 » Fr, 
ae f wa 
Now, bv means of the relations: 
2 ecem ginn = sin(m+n) - sin(m-n) 
2 eos m 20s n = 208(m—n) + 2os(m+n) , 
the expression for i i232 transformed into the fol- 


lowing: 
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Collecting the coefficients of the sines 3nd 


sosines of like orders there is obtained finally: 
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This Jast equation constitutes the solution 
of the ynroblem. It is gesn that the current is deriv- 
ed from that caleulsatad on the basis of constant induc 
tance and resistance by the addition of corrective 
terms to each harmonic amplitude. If h=do=k 
these rorrection terms become zero and the problem 
reduces to the ordinarv one, 2s it evidentlv should 
ao. 

Dis Some general conrlusions may be drawn: 

4) A symmetrical e.m.f. wave rives rise to 
42 svrmetrical wave of current due to double-frequency 
pulsation 2° resistance and inductance, 

b) The effect, of this pulsation is to mare 
fiven harmonies of eurrent dJenend wp)8N hifher and 
lower harmoni?s of enm.f. The harmohtes are "mixed". 

ce) The wave of magnetic flux Aoes not display 


this mixing of harmonics. 


AS a partial chack upon the work just given, 
Jet h=%9 =k ; this should give the solution of the 
problem for the zase of constant resistance R° and 
2onstant inducttanze The. For simplirityvy assume but 
one pure sine comnonsnt to the e.m.f.; iff is evident 


that if the equations cher for this thev will also 
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for anv arbitrarv wave, for the scelution is formed 
by a simple addition of terms. Thus let 


e = FE sin pt 


Therefore 
i =(R £/7*/sin pt --(p L B/77/ 0s pt 
and squaring and addine the reomponents, we set for 
the value of wurrent (numerical value ) 
i a7, 
whith would al1s0 have heen obtained direrttlv from 


the simmnie fundamental aauation, as ig weal known. 


It is remarkable that the farntor & , al- 
though it contains terms from both the inductance and 
resistance roeffizisnts, enters the enu1ations only 
as a multiplier of Re. This qgiantity, @Roe , will 
be called the"apnarent" resistance of the circuit (R')., 
and is not the same as the imnedanre 7, It appears 
from this that the effert of pulsating resistance and 
reactance may be in a measure taken into account by 
attributing to the cirenrit the new resistanre R' in- 
stead of its actual value R. The advantage of this 


is that R' is a ronstant. This method will five 
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the correct value of the circuit impedances, but will 
not areount for the mixing of harmonics. 

When h=%) = the anparent resistance reduces 
to the fixed resistanze, Re, since then Z = 1, 80 


that the name is justified. 


Special Cases. 

6. ee) Resistanze small, for example, the 
exciting current “or a 2oil containing a medium of 
variable permeability, but for which the hvsterssis 
lozses may be neglected. This will give a distort— 
ed eurrent wave and 99° phase displacement of tha 
eurreant foom the e.m.f. 


In this 2ase the wrrent is: 
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and reduction to linesr form sives: 
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As a first illustration, let 2 purses sins 
wave bs imvressed wpon the 7011, and assume he= .15, 
4 value which serves for transformer iron worked at 
a fair densitv. Let also: 
me =199, ny T° = 5,9 


This gives for the eurrent 
i = 2% sin pt -—- 32 sin 3pt , I = 16.4 amps. 


The results are plotted in figure 1. Sinte the 


m.f. wave i3 a pure sine one, that of flux is also, 


39 that the magnetization curve for the snecimen may 


be plotted, giving the lower curve in the figure. 
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is seen that this method fives a natural shape for 
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this mirve, showing that the assumed form of L is 
legitimate and is abte +o pive a closer approximation 
than the ordinarv assumption of tonstant inductance 
and the equavalent pure sine wave. The equivalent 
curves for eurrent and inductance are plotted for 
romparison, the maximum value of the flux being as- 
sumed arbitrarily, as denending upon the particular 
magnetic cirenit thosen. The equivalent value of the 
inductanre, that is, the value whith would he uged 

on the assumption that Lis constant, is renresented 
by the slope of the magnetization rurve L', whith is 
rongtant. The true inductance is represented by the 
slope of the curve L and decreases as the rrrent 
increases, as it should do. Mme to the variation of 
reactance there is introduced a third harmonic of 


amplitude 13% of the fundamental. 


A@ a second examnls, ist the imnressed 
2.m.f. wave be a peaked one: 


@ = 1199 22 nt + 15 cos Spt 


i 
ad 
on 
= 
f 
~ 
oO 
3 
° 
M 
1) 


By = 19), Ry 
The current is 
i = 22.85 sin pt — 2 gin 3nt —- .15 sin Spt 
R= 71.5, I = 16.2 (effertive ) 


The resilts are shown in fig. 2. The primed 
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letters indicate the equivalent values. 


Third, let the imnressed wave he 9 flst 
one: 
e = 19) eos pt -- 15 cos pt 
Therefore 
i = 23.15 sin pt -- 4 gin 4pt + .15 gin Spt 
B= 71.5, 1716.6 (effentive ) 
The results are plotted in the third figure, 
These thrae= cases are tvpieral of all that might a- 
rise; they show that the ferm of the characteristic 
Form the iron is indenendent of the vnarticulser wave 
form impressed (which had to be shown, 3inve the 
induztanze was assumed an exnlirzit Ainction of the 
time) and that the form adonted for the indurtance 
is abie to vive a 2loser annroximation than is ord- 
inarily obtained, and without too great a sacrifice 
of ecnvenience. 
The vaves are 211 symmetrical with respect 
to their maximum ordinates, sinre there are no vari- 


able energv losses. 
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Dp ) Circuit of small inducttance and variable 
resistan7s,. The problem reduces te the solution 
of the enuation: 
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The results shew’ that pulsation of the circuit 
resistance alone vill 7ause 2 distortion of the cur- 
rent wave bv the introduction of harmonics of other 
orders. The ones which are princinvallv effartive 
in dJistortine the wave, howaver, are those whith are 
adjacent to the harmonics of e.m.f., since the others 
are miltiplied bv higher pewers of k. In a eireuit 
of small inductance, therefore, the doubl> frequency 
pulsation of resistance cannot introlure 4 direct 
-arrent eompenent into the current; henrs if this 
oreurs it is due either to erounter electromotive forces 
or to milsations of odd frequency. The term taking 
qgrrcunt of rounter electromotive forees has not been 
added in the eaisation, but the form will be verv 
simple: there will be onlv a eonstant subtracted from 
the right hand side, whirh is the same thing as al- 
lowing the index n to have the valu> zere in addi- 
tion to its odd values. An example of this distor- 
tion mav be found in the ease of the ordinary intan- 
Aescent lamp at rompsratively low frequenziss. 

There i3 no phase displacement of the current 
from the 2.m.f.. for the coefficients of the sine terms 
in the e.m.f. wave anpear only in the sine terms of the 


murrent wave, and viz versa. 
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(i6) 
As an illustration of this distortion, let 
HS = 100, k = .15, R° = 19 


that is, a nure sine wave of imyresssed e.m.f. The 


resulting current is: 
1. = 12.905 sin: pt-——-1..5 sini Spt 


and i3 a peaked wave of effective intensitv 3.6 a8 

avainst 7.1 on the assumption of constant resistance 

equal to the mean valus, f°, In this cass it is 

to be noted that the standard of phase is taken to be 


that of the pulsating resistanzs. 
2) R/L = constant,= w, that is, 


The exact solution is 


cor fixe [loki k eye 
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in which: 
> vf Tv 
Jn W En +nwp in 
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Kn yf mn np 7" 
ve = we + n®p2 


Reducing in the usual wav there is obtained: 
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The results are mich the game as those obtezined 
Far the rsege of the milsating reactance onlv. In 
each 2a8se it is the varving inductance whith produc 


es the marked distortion of current. 
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(18) 
7, General Case, (page 7) 


The important feature of this method is 
that it is canable of representing, pv a proper 
choice of the constants h, ke €& , the distorted 


a 


eurrent wave nroduted bv hysteresis, and hens to 
represent analvtically the hysteresis loop for magnet-— 
ic materials. As 9n illustration some °xamples have 
been worked out. 

Pio. 4 gives the current prodnheed by s sine wsve 
of impressed e.m.f. when h= .15 and k= .19 ina 
sireiit whose inductanc>= Lo is .91 and effective eon- 
stant resistance 5, The current wave is not that 
aus to distertion by hysteresis, but te variable 
impressed energy supply in the medium in addition to 
that supplied by the «.m.f.,. that is to sxy, the 
"hysteresis" loon is traversed in the negative direc- 
tion, as may be seen by plotting, or from the shane 


of the wrrent curve. 


The next figure (5) shows the state of affairs 
when the sign of h has been changed. The eurrent 
wave nas 9 more natural apnesrance, ani fives a more 
nearly correct hysteresis loop, a3 shown in the low- 
er firure. There is still a negative area, however, 
which is eliminated bv a better choice of h as in 


fipure 6, This value is one which comes from an 


insyvection of the nermeability curve of a specimen 
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ef iron. The current wava now has the appearanre 
enarecteristic cf an iron—-elad cirenit., and fives 4 
typizal hvsteresis loop. The dotted curve in the 
lower figure is the one for whieh h = ~—-.18. In 
these curves the equivalent wave has been obtained 
by finding the sine ‘sve which pives the same powasr, 
hoth dissipated and stored. This condition deter- 
mines the amplitude and phase of the equivalent wir- 
rent, and these values are indicated cr plotted in 
the fimures. 

Figure 7 shows tha current and hysteresis loop 
when the snergyv loss in the cireuit is rather small 
compared with the wattless power. The power factor 
is .145 and the equivalent current lags by 82°. The 
form of the loon is still rorrect. 

Pigure 8 shows the same thing when the nower ¢ 
factor is high-- .951) --and the lag of equivalent 
eurrent 18°29'. By giving h the proper value, and 
also taking account of ths magnitude and phase of the 
effective resistanre, pratticallyv any loon mav be 
reproduced. In the figures a gine wave of 9.m.f. 
has been agsumed for simplicity, bit the thoire of 
anv arbitrarv wave makes neressary only the addition 


of more terms to the current eauation. 
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Tt is thus possible to represent analytically, 
with a fair degree of approximation, the state of af- 
fairs in 2 tireuit containing a hvsteretic medium. 
The analvtic expression for the loon is fiven in par- 


ameter rort iy the two equations: 


a — Ct) 


c= Fut) 


and the explizit expression would be obtained by the 
elimination of + between these two equations. This 
would be a matter of some difficultv, since ervious— 
ly the loop eanno+t be represented bv any simmle ex- 
pression, put it is unnecessary, 3ince the other 


form i3 suffizisnt and even more convenient. 
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Annendix I. 


Annarentiv the most direct method for the sol- 


ution of the fundamental eniation: 


a( i ) R( Ui ) 
a Se) | 
at f ? 
TT 
eé = (Fy, gin npt + Ey cos nyt ) 


would be to assume 3 feneral pericdic solution: 


—e 
ie , es sin npt + C, cos nyt, ) 
[wr 


and by Airect substitution to determine the values 


(ojRe S and C. We gat: 


di/at = ; np{S, cos npt -- ¢. sin nyt } 


e = 
Since there can be neo Aiffieulty in differentiating 


the series term bv term on aercunt of the phvsiral 
meaning of the derivative. Substituting these values 


and putting for brevitv 
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wa vet the Pollowing identitv: 


Ly é 


7 / ©, [ Ger ln- afer Geol wr2) £7 
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— Gf hclores jal p Le (m- 2fer | ; 
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ces hi [eninmayph Eaofor o/h & g [At - ee }f 
* i B) £5 [bntnestesinenny] ws ae = Tf 


re h) A ree + Qeangt = /@ ter Dya7 -4- Z aune7f 


It is important to note that the presence of 
an e.m.f. harmonic of order m fives rise to current 
harmonies of m, m+2, and +o no others. This is 
what has been eslled in the text the "mixing" of har- 
monicts, and is the cause of the distortion. 

The fart that this mixing extends onlv to two & 
oriers above and helow is the basis of the apnroxi- 
mation mate in the text. It involves a slight er- 

or in the ralmiation of the factor ZT vut this is 


of verv 1ittlia imnortance. 
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The last equation gives the condition thet mst 
exist if the assumed value of current is to be 2 30)]- 
ution of the original emation. This implies the 


following relations among the roefficisnts: 


4 =Slpr tort] (2+ 8/7) (Ke-A] + 18% 


ts — Jos + eC, +S (te- 4) IS Cy 
ca J (Sto+4/ + 8 @ 


where the a's and b's are the corresponding e.m.f. 
amplitudes divided by the mantitv Lo. 

Now it will be notized that if 2n of these 
emiations are taken, there will he present 2n + 2 


unknowns, 30 that these are not determinate. This 
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might of course have besn predicted from the form 
of the original equation. Tf we mav assmme that 
one set of the. higher harmonics of current vanishes, 
for instance S, and Cy, we may s61¥2 not solve 
the set of equations, for then we shall have more 
than 2n relations amon¢ the 2n unknowns, which 
eannot in peneral be true. By the method of suc- 
eessive approximations we mav arrives at the ratios 
of the amplitudes, and then from a knowledre of the 
tatal current and the power factor obtain 23yvroxi- 
mate values of the harmonic amplitudes, but *his 

is a tedious process not suited to practiral mir- 
poses, so that the method cutlined in the text is 


9 better one. 
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APPENDIX IT. 


A MECHANICAL MODEL. 
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The aquation satisfied by the current is of the 
game form as that describing the course of avents in 
a dynamical system in which the mass is a doublv—per- 
iodic function of the time, while the irm7sssed force 
is simply periodic. It is therefore possible to 
sonstruct a dynamical model of the elerttrical svsten, 
and to the current will corresnond ths velocitv of the 
mass m; to the e.m.f. Ri will correspond the resist— 
ing force, provortional to the veloritv; to the im- 
pressed e.m.f., tne impressed mechanical force. 

A mod2l which meets these conditions is shown 
in the figure. The impressed force is furnished bv 
the pendulum A which is s0 massive that the svstem does 
not react upon it to modify its motion. The hlock B 
is set in motion bv A and slides upon a table T of 
roughness varying with the position of B. The var- 
iation in mass is ancromplished bv adding to the mass 
of B that of a number of weights w, this number de- 
pending unoen the vnosition of B and hens unon the time. 
The suspensions of the weights must be so long that 
pratticallv no restoring fortes are salted into play 


by their displacement. The phase of the mulsation 
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aan be adjusted bv moving the sliding piece S to the 
right or left, and that of the registanss bv a similar 
displacement of the table T. 

The connection batween A and B must satisfy two 
zonditions: it mist not be rigid, sincere the pendulum 
is assum=4 msssive; it mist not be @lastic, for this 
would introlice notantial snerazy of strain into the 
system, whith is exeluded by the assumption of no 
electrostatic capatity. These renditions can he sat- 
isfied bv making the econnection by means of a rough 
and inextensibie cord whith nasses, with friction, 
through the pendulum and block and is closed unon itself 
(back of th vlane of the figure) bv passing over two 
pullevs P. 

Now the 2onnection between the 9.m.f. and the 
current, i.@., between the pendulum and the block, is 
made by means of the magnetic field and the ecnduct- 
ivity of the medium, hence the anslogue of the flux, 
J, is some function of the position of a point on the 
cord. More exact reasoning is necessary to find the 
form of the function, and this can easily be given, 
as follows: the impressed e.m.f. is the derivative of 
the flux, plus a term which is linear in the current. 
Now the impressed mechanical force due to A (that is, 
the impressed acceleration), is the derivative of 


the velocity of the cord, plus a term depending upon the 
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slinping of the cord (coefficient of friction) and 
which is linear in the velocity of tho block. Since 
the velocity of the block is the analogue of the cur- 
rent, it follows that the velocity of a point on the 
2ord is the complete analogus of the magnetic flux, 
Since no other ouantities are needed to specify it. 
(More exactly, it is the momentum of the cord. ) 

It can be easilv seen that this actually repre- 
sents a hysteretic process, for the cord will lag 
behind the impressed force, or lead the induced force 
by an amount which depends upon the coefficient of 
friction (effective cenductance representing hvsteresis 
loss) and upon the inertia of the cord. 

The bloek mav b2 made to trace out the current 
wave bv fixing a tracing point to it. in connection 
With a revolving drum. This will give the position 
of the block as function of the time. The velocity 
(current) as function of the time may be obtained by 
-onstructing a curve whose ordinates are the slopes of 


the nosition—time curve at each point. 
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